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pression tepresents the departure from classical sandwich
beam theory. It is interesting to note that the maximum shear
stress departure ratio depends only upon the single parameter
AL/2, whereas the bending stress and deflection departure
ratios depend upon the geometric sandwich depth parameter
h/t as well. A plot of Eq. (24) is presented in Fig. 2. Figures 3
and 4 show families of curves for Eqs. (25) and (26),
respectively, for a wide range of values of h/t.

Uniform Short Beams

A useful extrapolation of the present results to
homogeneous beams is also possible. Note that a
homogeneous beam carries almost 80% of the bending
moment in the outer two-fifths of the external fibers. The
remainder, or three-fifths of the cross section, carries almost
90% of the entire shear. This suggests that we could ap-
proximate a uniform beam as a sandwich beam, of the
type discussed here, with an h/t of 3. Setting G/E*=
[2(1 +»)] ~/, we obtain

AL/2=10.1 L/ (DNI+v) 27

where D=h+ 2¢, the entire beam depth.

From Figs. 2 and 3, we observe that, for #/¢=3, the simple
beam theory shear and bending stress formulas are 99%
accurate for XL/2>80 and 40, respectively, and are ap-
plicable for deflections (Fig. 4) when AL/2>100. Thus, for
v =0.3, the approximate length-to-beam-depth ratios required
for the use of classical beam formulas are

Tuniform = Tclassical when L/D>9
beam
Ouniform = Oclassical when L/D >5
beam
Woniform = Welassical when L/D> 11
beam
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Introduction

IN this Note, a self-consistent formulation of the com-
pressible boundary-value problem of configurations with
leading-edge vortex separation is presented. Based on the
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assumption that the compressible flowfield is governed by the
linearized potential equation, the limitations imposed on mass
flux and pressure formulations are examined thoroughly. The
result of this investigation is utilized to formulate the stream
surface boundary condition and the zero pressure jump
condition of compressible free vortex flows in a manner
consistent with the linear potential equation. It is shown
further that, in the subsonic flow domain, the compressible
nonlinear boundary-value problem can be transformed
completely into an equivalent nonlinear incompressible
problem by application of the Goethert rule. Previous
solutions to the linearized compressible flow equation applied
to free vortex flows either utilized a linearized pressure
equation’ or followed a completely different line of thought
dictated by the chosen solution method.?

A few numerical calculations of subsonic leading-edge
vortex flows about planar wing geometries support the |
theoretical result. The sample calculations were performed
using a modified version of a previously developed method?
of predicting incompressible flow about three-dimensional
configurations with vortex separation from sharp-edged
wings. The method utilizes an inviscid flow model in which
the wing and the rolled-up primary vortex sheets are
represented by piecewise continuous quadratic doublet sheet
distributions. Computational experience with this method has
shown that it is capable of producing accurate predictions of
detailed surface pressure distributions, forces, and moments.
The compressibility corrections discussed in this Note extend
the range of applicability of the method to higher subsonic
Mach numbers.

Choice of a Linear Potential Equation

The familiar linear equation of the perturbation velocity
potential ¢
(I-MZ%L)pu+ by, +,, =0 - (1)

is chosen to govern the compressible flowfield. The equation
is written in wind-fixed Cartesian coordinates x, y, z, whose
positive x axis points in the direction of the freestream
velocity U,,. The symbol M_, denotes the Mach number of the
undisturbed freestream. i

The choice of this linear equation is a matter of convenience
and computational efficiency, since it allows the application
of the superposition principle and consequently the use of
aerodynamic panel methods. However, the equation imposes
certain well-known restrictions* on the analysis and, in
particular, excludes the transonic speed regime from the
theoretical treatment. The limitations imposed by this
equation on the formulations of mass flux vector and pressure
now will be investigated.

With the help of the continuity equation for steady flow,
div(p V) =0, one can show* that the following lowest-order
approximation to the mass flux vector (o ¥) is a consequence
of the choice of Eq. (1):

oV =po {[Un + (=ML )ule, +ve, +we,} ()

The symbols e,, e,, e, are the unit vectors of the coordinate -
system x, y, z. The components of the perturbation velocity
Vv ¢ in these coordinates are #, v, w. The symbols U, and p.,
denote the velocity magnitude and the density of the
freestream, respectively. Comparison of the mass flux vector
given by Eq. (2) with the velocity vector

V= (U, tu)e, t+ve, +we, 3)

‘shows that the mass flux vector, postulated by the linear

theory equation (1) to exist, is no longer parallel to the
velocity vector if one chooses to retain the term involving u in.
the definition of the vector. In classical linear theory, this
term is neglected as being of higher order; however, if one
postulates the use of nonlinear boundary conditions, then the
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term involving % must be considered. An approximation to
the pressure p which is consistent with Eq. (1) can be derived
from the momentum equation for steady inviscid flow:

(pV)-gradV+gradp=0 O]

Introducing the mass flux vector as given by Eq. (2), the
resulting equation for the pressure coefficient c, takes the
form

v.v u? P~Po
ML X o= PP 5
vz Moz YT LUl ©)

¢, =1-

which is known in the literature as the quadratic ap-

proximation to Bernoulli’s equation.*

Formulation of the Boundary Cdndiﬁons

It is posthlated at the outset that exact stream surface
boundary conditions can be stated as

(V) -n=0 - ®

i.e., the mass flux vector must be tangential to.all solid sur-
faces of the configuration, to the vortex sheets separating
from sharp wing edges, and to the wake. The symbol n
denotes the normal vector of the configuration surface, Since
the density p is a scalar, one is tempted to replace this mass
flux boundary condition by the familiar velocity boundary
condition, V-n=0. However, as shown earlier, the mass flux
vector is not parallel to the velocity vector when retaining
terms involving u, so that application of velocity boundary
conditions would cause the surfaces of the configuration to
generate or absorb mass. In view of this anomaly, the in-
tended simplification obviously is not permitted. )
- The boundary condition (6) must be satisfied on both sides
of a thin surface. It therefore is possible to introduce an
average stream surface boundary condition

(o¥)* -n=0 )

for'mula'ted in terms of the average mass flux vector (pV)*,
defined by : :

(V) =% (V) + (0V),] ®)

The subscripts / and u denote the lower and upper sides of a
thin surface, respectively.

Free vortex surfaces, such as the primary vortex sheets and

the wake, cannot sustain a pressure differential across them.
This is the so-called zero pressure jump boundary condition,
written as

Ac,=¢p, —C,, =0 &)

Using the p'ressure formula (5), the boundary condition (9) .

can be specialized to

Ac, = (2/U%) (V- VP =ML uwuP)=0 (10)

where an average sheet veloéity V¢ and a velocity difference
across the sheet V? are defined by

V=1V, +V), VP=V,-V, an

with corresponding definitions of average and difference
values of the perturbation velocity components. Noting that
the averages of mass flux vector and velocity vector are
related by

(0V) ' =pa V° ~po ML U’ e, (12)
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So far, no distinction has been made between subsonic and
supersonic speed regimes. Beginning with the next section, the
discussion is restricted to the subsonic flow domain.

Application of the Goethert Rule

The boundary conditions of incompressible free vortex
flow, which correspond to boundary conditions (7) and (13)
of the compressible domain, read

Vi-ni=0 (14)
CAc, =(2/UL) Vi VP =0 as

The subscript i denotes quantities in the incompressible flow
domain.

The question now arises as to which, if any, of the various
transformations that reduce the compressible potential Eq. (1)
to Laplace’s equation also reduce the boundary conditions of
the compressible domain as given by Egs. (7) and (13) to their
equivalent form in the incompressible flow domain. It can be
verified easily that the desired transformation is achieved by
application of the following well-known version of the
Goethert rule:

X =x/8, yi=y, ;=12 ¢;=0¢, B:VI—Mi (16)

The freestream velocity is kept fixed during the trans-
formation, but the angle of attack changes as tanq; =8 tanca.
By application of the Goethert rule to Eq. (5), one can show
further that the pressure distributions of both flow domains
arerelated by

¢y =c, /B? an

where Cp, is obtained from Bernoulli’s equation.

It should be emphasized that boundary conditions (14) and
(15) of the incompressible flow domain are applied on the
surface z; =f; (x;, ¥;), and that boundary conditions (7) and
(13) of the compressible domain are applied on the surface
z=f(x,y), where

Jixi vi) =f(Bxi, ¥i) (18)

Numerical Results

The accuracy of the Goethert rule used in combination with
exact boundary conditions involving the mass flux vector was
investigated numerically by calculating the subsonic flow
about planar wing geometries over a wide range of angles of
attack. The wing planforms were transformed according to
Eq. (16), and the resulting incompressible flow problems were
solved using a modified version of the numerical technique of
Ref. 3. The computed compressible values of lift coefficient
¢; , drag coefficient cp, and pitching moment coefficient ¢,
are compared in Figs. 1 and 2 with experimental data of Ref.
5. The coefficients are referred to wing area, freestream
dynamic pressure, and mean aerodynamic chord. The pitch-
ing moment reference axes of the delta wing and the arrow
wing are located at 50% and 64.5% root chord, respectively.
It is shown in Fig. 1 that the characteristics of the delta wing
are very well predicted even at the extreme flight condition of
20 deg angle of attack and 0.8 freestream Mach number. Drag
and pitching moment characteristics of the arrow wing are
shown in Fig. 2 to be well predicted up to 20 deg angle of
attack, although the lift is overpredicted at higher incidences.
For comparison, theoretical data of the lift coefficient ob-
tained from the leading-edge suction analogy of Polhamus?
also are shown; the agreement with the theoretical results of
the method reported in this Note is remarkable.

Research and Development Program of The Boeing Com-
pany. The authors wish to thank Forrester T. Johnson and
Paul Lu of The Boeing Company for their support in
generating some of the numerical results.
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Introduction ;

T was demonstrated in a recent paper! that the normalized

constriction resistance A6R is approximately equal to the
value 5/9 and 84% of this value when 8 is chosen to be the
square root of the contact area and when the resistance in the
first instance is based upon the centroid temperature and in
the second upon the area average temperature. This
remarkable fact was observed for a set of singly connected,
symmetric planar contacts of the form (x/a) "+ (y/b)" =1,
with b=a subject to the same uniform heat flux. The
geometric parameter n was allowed to range from n=1% to
n=oo, thereby covering a variety of shapes which included
astroids, a circle, a square, and near squares.

To determine whether the results of the symmetric study are
general, three nonsymmetric shapes were examined. This
Note describes the method used to obtain the temperature at
arbitrary points and the centroidal temperature for a
triangular contact, a semicircular contact, and an L-shaped
contact. A numerical method was used to obtain the area
average temperature of these contact areas.

Arbitrary and Area Average Temperatures
Triangular Contact Area

Figure 1 shows a singly connected, planar triangular
contact area of base 2a and height 2b subjected to a uniform
heat flux ¢. The half-space thermal conductivity is A. The
expression for the normalized resistance based upon the area
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